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Abstract
The fractional Planck distribution is calculated by applying the Caputo fractional derivative with order p (p > 0) to
the equation proposed by Planck in 1900. In addition, the integral representation of the Mittag–Leffler function is
employed to obtain a new formula for the fractional BE distribution, which is then used to analyze the NASA COBE
monopole data. Based on this analysis, an identity p ≃ e−µ is found, where µ is the dimensionless constant chemical
potential that was introduced to the BE distribution by the NASA COBE collaboration.
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1. Introduction
There has been recent progress in physical sciences studies [1, 2, 3, 4, 5, 6] that are based on fractional calculus
[7, 8, 9, 10, 11, 12, 13]. As part of these contributions, we investigate the NASA COBE monopole data [14, 15, 16]
by utilizing the Bose–Einstein (BE) distribution and a fractional calculus based distribution [17, 18, 6]. A well-known
solution for Kompaneets equation [19, 20], which describes the photons distribution in the early Universe, is given
by:
U (BE)(T, ν, µ) = CB
ex+µ − 1
|µ|≪1
−−−−−−−−−→ CB
[
1
ex − 1
− µ
ex
(ex − 1)2
]
= F(PD) + F(BE)2 (x, µ), (1)
where x = hν/kBT and CB = 2hν3/c2. µ is a dimensionless chemical potential. See Table 1 I) Kompaneets equation.
On the other hand, the fractional calculus based photons distribution of the Universe is given by (See Table 1 II)
Fractional calculus and III) Planck distribution in 1900 [21, 22, 23]):
U(x) = CB
Ep(xp) − 1 , (2)
where p is the fractional parameter. Ep(xp) is the Mittag–Leffler (ML) function defined as
Ep(xp) =
∞∑
n=0
xnp
Γ(np + 1) . (3)
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The following digamma function ψ is used in ref. [6] to analyze the NASA COBE data,
Eq. (2) |p−1|≪1−−−−−−−−→ CB
[
1
ex − 1
+
p − 1
(ex − 1)2
∞∑
k=0
kxk[ψ(k + 1) − ln x]
Γ(k + 1)

= F(PD) + F(FC)2 (x, p − 1), (4)
where ψ(z) = d(lnΓ(z))/dz.
The COBE data is analyzed using Eqs. (1) and (2), thereby yielding the following estimated values:
T = 1/kBβ = 2.725 K, |µ| < 7.58 × 10−5,
|p − 1| < 8.09×10−5, |µ|×I1 < 5.47×10−4 (1.00),
|p − 1| × I2 < 5.60 × 10−4 (1.03), (5)
where, with Riemann’s ζ function ζ(3),
I1 =
∫ ∞
0
x3 · ex
(ex − 1)2 dx = 3 · 2 · ζ(3),
I2 =
∫ ∞
0
x3
(ex − 1)2
∞∑
k=0
kxk[ψ(k + 1) − ln x]
Γ(k + 1) dx
=
∞∑
k=0
∞∑
m=2
k(m − 1)
Γ(k + 1)
(
1
m
)k+4
Γ(k + 4)
[
ln m −
(
1
k + 3 +
1
k + 2 +
1
k + 1
)]
.
We would like to pay our attention to these similar values, µ and p − 1. The ratio between |µ| × I1 and |p − 1| × I2 is
1.00 to 1.03.
The same analysis of the COBE data is presented in this study, where we would like to adopt an integral represen-
tation of the ML function:
Ep(xp) = e
x
p
+ δ(p, x), (6)
where
δ(p, x) = − sin(ppi)
pi
∫ +∞
0
yp−1e−xy
y2p − 2yp cos(ppi) + 1dy. (7)
A detailed derivation of the integral representation is supplied in §2. The magnitude of the integral representationiδ(x, p))
contribution is estimated through concrete analysis of the COBE data in §3. Through such analysis of the COBE data,
the following relation ensues:
µ = − ln p . (8)
The concluding remarks and discussion are provided in §4.
2. Integral representation of the Mittag–Leffler function
The integral representation of the Mittag–Leffler (ML) function Eα(z) [11, 9, 12, 13] is given by,
Eα(z) = − 12piiα
∫
γ(ε;δ)
eζ
1/α
ζ − z
dζ + 1
α
ez
1/α
, z ∈ G(+)(ε; δ), (9)
Eα(z) = − 12piiα
∫
γ(ε;δ)
eζ
1/α
ζ − z
dζ, z ∈ G(−)(ε; δ), (10)
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Table 1: Kompaneets equation, the fractional and the basic equations of the Planck distribution.
I) Kompaneets Eq. describing the photons distributions in the early Universe [19, 20]
It is given by
∂ f /∂t = Cκx−2e ∂∂xe x4e(∂ f /∂xe + f + f 2)
where Cκ = (kBTe/mec2)(neσe/c) and xe = hν/kBTe. Te, T , ne, and σe are the electron temperature,
radiation temperature, electron density, and Thomson’s cross-section, respectively. As a stationary
solution, we derive the Bose –Einstein (BE) distribution with the chemical potential,
f (x) = 1/(cex − 1) = 1/(exe+µ − 1).
II) Fractional calculus [7]
For the stationary solution in I) and a solution in III), if an inverse function R(x) = 1/ f (x) exists,
the following equation is obtained,
∂R/∂x = R(x) + 1.
The Caputo derivative in fractional calculus is applied to the previous equation, i.e.,
0Dpx R(x) = R(x) + 1,
The Caputo fractional derivative of the f (x) function for m = 1, 2, . . . is given by
C
0D
p
x f (x) = 1Γ(m−p)
∫ x
0 (x − τ)m−p−1 f (m)(τ)dτ, (m − 1 < p < m),
and
lim
p→m
C
0D
p
x f (x) = f (m)(x) = dm f (x)/dxm.
The following distribution is calculated using the ML function,
f (x) = 1/R(x) = 1/(Ep(xp) − 1).
III) Planck distribution in 1900 [21, 22, 23, 24]
Planck utilized the following equation to describe the photons distribution U,
∂U/∂β = −U − U2,
Adopting the aforementioned method in section II), the same expression is deduced.
in the complex plane, z = x + iy ( x = Re z, y = Im z), under the conditions,
0 < α < 2, piα/2 < δ ≤ min{pi, piα}. (11)
As shown in Fig. 1, the contour γ(ε; δ) (ε > 0, 0 < δ ≤ pi) is comprised of the following three parts: (i) ray S −δ (
arg τ = −δ, |τ| ≥ ε ), (ii) circular arc Cδ(0; ε) ( −δ ≤ arg τ ≤ δ, |τ| = ε ), (iii) ray S δ ( arg τ = δ, |τ| ≥ ε ). The left
hand side of the contour γ(ε; δ), where the origin O is included, and is denoted by G(−)(ε; δ), while the other side is
denoted by G(+)(ε; δ)D
After integrating along the contour γ(ε; δ) while taking the ε → 0 limit into consideration, Eqs. (9) and (10)
respectively reduce to,
Eα(z) = − z sin(piα)
piα
∫ +∞
0
e−r
1/α
r2 − 2rz cos(piα) + z2 dr +
1
α
ez
1/α
, ∈ G(+)(+0; δ), (12)
Eα(z) = − z sin(piα)
piα
∫ +∞
0
e−r
1/α
r2 − 2rz cos(piα) + z2 dr, z ∈ G
(−)(+0; δ). (13)
If 0 < α ≤ 1, the explicit expression for Eα(z) is obtained through Eqs.(12) and (13). If α > 1, using the ML
function’s summation formula,
Eα(z) = 1
m
m−1∑
h=0
Eα/m(z1/mei2pih/m), (14)
we can express Eα(z) through those with suffixes α/m ≤ 1. Then, the ML function’s expression is given by the
procedure in the case of 0 < α < 1.
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Figure 1: The contour γ(ε; δ) composed of the ray S −δ, circular arc Cδ(0; ε) and ray S δ
In Fig. 2, we numerically examine the behavior of δ(p, x) in the ML function Ep(xp) for 0 < p < 2 and x ≥ 0.
The integral representation δ(p, x) for 0 < p defined in Eq.(7) approaches to zero in the limit of x → ∞. Function
δ(p, x) at fixed p for 0 < p < 1 is negative and increases monotonously with x, and δ(p, x) for 1 < p < 2 is positive
and decreases monotonously with x. For 0 < p < 2, the following limit can be derived through analytic calculations
[25]:
|δ(p, x)| ≤ |δ(p, 0)| = |p − 1|/p. (15)
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Figure 2: a) Contour maps of δ(p, x) = constant for 0.5 < p < 1. b) Contour maps of δ(p, x) = constant for 1 < p < 2.
3. Analysis of COBE data by Eqs. (2) and (6)
Expanding Eq. (2), providing that (p − 1) ≪ 1, as follows
U(T, ν, p) = CB
ex − 1
+
CBex ln p
(ex − 1)2 −
CBδ(p, x)
(ex − 1)2
4
= F(PD)(x) + F(FC)2 (x, ln p) − F(FC)3 (x, δ(p, x)), (16)
we can analyze the NASA COBE data in Fig. 3. For comparison, the results on F(FC)2 (x, ln p) and F(FC)3 (x, δ(p, x))
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Figure 3: Analysis of the COBE monopole data by Eqs. (16), (1) and (4). a) Eq. (16). b) Eqs. (1), (4) and (16). The magnitudes of error bars mean
that 400 times real error bars.
are shown separately. As is seen in Fig. 3, it can be said that contribution from F(PD)(x) is much bigger than that
of F(FC)3 (x, δ(p, x)). Then we can directly compare Eq. (1) with ex/p and obtain Eq. (8): µ = − ln p. From this
expression, p can be regarded as an inverse fugacity [26, 27], provided that NASA COBE data are used and the
magnitude of δ(p, x) is very small.
Analysis of NASA COBE data by Eq. (16) is presented in Table 2.
Table 2: Numerical proof of equivalences between Eqs. (2) and (16) is shown at typical observed values of NASA COBE data. Our result of
analysis by Eq. (16) is as follows: T = 2.725008 ± 0.000026 K, |p − 1| = 8.09 × 10−5 and χ2/NDF = 45.01/41. It should be noticed that we obtain
the following values, T = 2.725016 ± 0.000008 K and χ2/NDF = 45.10/42, provided that the first term F(PD) is only utilized.
ν/c [cm−1] 4.08 8.62 13.16
Eq. (2) 354.0636052 271.4238381 87.02961125
Eq. (16) 354.0636052 271.4238381 87.02961124
F(PD)1 354.0594726 271.4209229 87.02868402
F(FC)2 0.4.263569862×10−3 2.920132007×10−3 9.273229351×10−4
F(FC)3 1.310610486×10
−4 4.892780012×10−6 1.016807344×10−7
4. Concluding remarks and discussion
C1) We have shown that the ML function of Eq. (6) is decomposed into two functions ex/p and δ(p, x): The
various properties of the integral representation δ(p, x) are investigated. In particular, through the analysis of the
COBE monopole data, it is shown that the magnitude of δ(p, x) is much smaller than that of the Planck distribution.
See, Fig. 3a).
C2) In our previous paper [6], we observed |µ| = |p − 1| through the numerical analysis of the COBE monopole data
by Eqs. (1), (2) and (4). In the present paper, we have obtained Eq. (8) i.e., µ = − ln p in the analytic form.
C3) Combining the analytic relation of Eq. (8) with the numerical results of Table 2, the following relation is obtained,
|µ| = ln(|p − 1| + 1). (17)
5
D1) Using the present study, the interesting result given by Eq. (17) is achieved. In the near future, the effect of the
fractional parameter on other fields (BE condensation) should be investigated. From Eqs. (2) and (6), we obtain the
following formula,
gν(p) = 1
Γ(ν)
∫ ∞
0
xν−1
p−1ex − 1
dx =
∞∑
l=1
pl
lν , (p < 1), (18)
It is well-known that this formula is given in Refs. [26, 27, 28]
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